Abstract. We obtain a basic inequality involving the Laplacian of the warping function and the squared mean curvature of any warped product isometrically immersed in a Riemannian manifold (cf. Theorem 2.2). Applying this general theory, we obtain basic inequalities involving the Laplacian of the warping function and the squared mean curvature of C-totally real warped product submanifolds of (κ, µ)-space forms, Sasakian space forms and non-Sasakian (κ, µ)-manifolds. Then we obtain obstructions to the existence of minimal isometric immersions of C-totally real warped product submanifolds in (κ, µ)-space forms, non-Sasakian (κ, µ)-manifolds and Sasakian space forms. In the last, we obtain an example of a C-totally real warped product submanifold of a non-Sasakian (κ, µ)-manifold, which satisfies the equality case of the basic inequality.
Introduction
The concept of warped product was first introduced by Bishop and O'Neill [1] to construct the examples of Riemannian manifolds with negative curvature. Let M 1 and M 2 be two Riemannian manifolds with Riemannian metrics g 1 and g 2 respectively. Let f > 0 be a differentiable function on M 1 . Consider the product manifold M 1 × M 2 with its canonical projections π 1 : 
From (1.3) for unit vector fields X, Z tangent to M , horizontal and vertical, respectively; the sectional curvature K(X ∧ Z) of the plane section spanned by X and Z becomes
Choosing a local orthonormal frame {e 1 , . . . , e n } such that e 1 , . . . , e n 1 are tangent to M 1 and e n 1 +1 , . . . , e n are tangent to M 2 , we obtain
K (e j ∧ e s ) , s ∈ {n 1 + 1, . . . , n}.
The notion of warped products plays some important roles in differential geometry as well as in physics. For instance, the best relativistic model of the Schwarzschild space-time that describes the outer space around a massive star or a black hole is given as a warped product [22, pp. 364-367] . For more details we refer to [1] and [22] . For a survey on warped products as Riemannian submanifolds we refer to [12] .
In [10, Theorem 1.4 ], Chen established a sharp relationship between the warping function f of a warped product M 1 × f M 2 isometrically immersed in a real space form R m (c) and the squared mean curvature ∥H∥ 2 given by
and △ is the Laplacian operator of M 1 . The equality case of (1.6) holds identically if and only if x is a mixed totally geodesic immersion and n 1 H 1 = n 2 H 2 , where H i , i = 1, 2, are the partial mean curvature vectors. As a refinement, in [15, Theorem 5] , he proved that the equality case of (1.6) is true if and only if one of the following two cases occur: (1) The warping function f is an eigenfunction of the Laplacian operator △ with eigenvalue n 1 c and x is a minimal immersion; (2) △f ̸ = (n 1 c) f and locally x is a non-minimal warped product immersion (
is a minimal immersion and the mean curvature vector of
where D ln ρ is the normal component of the gradient of ρ restricted on M 1 .
The inequality (1.6) was noticed by several authors and they established similar inequalities for different submanifolds in ambient manifolds possessing different kind of structures (for example, see [11] , [13] , [14] , [16] , [18] , [19] , [20] , [26] , [27] , [28] ). Now, it is a natural motivation to find a basic inequality involving the warping function and the squared mean curvature of any warped product isometrically immersed in any Riemannian manifold without assuming any restriction on the Riemann curvature tensor of the ambient manifold. Using technique of B.-Y. Chen and the concept of the scalar curvature of k-plane sections, in section 2 we achieve this goal by obtaining a basic inequality involving the Laplacian of the warping function f and the squared mean curvature of a warped product M 1 × f M 2 isometrically immersed in a Riemannian manifold (see Theorem 2.2). Section 3 contains some necessary background of contact geometry including the concepts of Sasakian manifolds, (κ, µ)-manifolds, (κ, µ)-space forms and non-Sasakian (κ, µ)-manifolds. In section 4, we apply the general theory given by Theorem 2.2 to obtain corresponding results for C-totally real warped product submanifolds of (κ, µ)-space forms, Sasakian space forms and non-Sasakian (κ, µ)-manifolds. Then we obtain obstructions to the existence of minimal isometric immersions of C-totally real warped product submanifolds in these spaces. In the last, we also give an example of a warped product C-totally real submanifold of a non-Sasakian (κ, µ)-manifold which satisfies the equality case of the corresponding basic inequality.
A basic inequality for warped product submanifolds
Let M be an n-dimensional Riemannian manifold equipped with a Riemannian metric g. The inner product of the metric g is denoted by ⟨ , ⟩. Let {e 1 , . . . , e n } be any orthonormal basis for T p M . The scalar curvature τ (p) of M at p is defined by
where K (e i ∧ e j ) is the sectional curvature of the plane section spanned by e i and e j at p ∈ M . Let Π k be a k-plane section of T p M and {e 1 , . . . , e k } any orthonormal basis of Π k . The scalar curvature τ (Π k ) of Π k is given by [9] (2.2)
The scalar curvature τ (p) of M at p is identical with the scalar curvature of the tangent space
Let (M, g) be a submanifold of a Riemannian manifoldM equipped with a Riemannian metricg. Covariant derivatives and curvatures with respect to (M, g) will be written in the usual manner, while those with respect to the ambient manifold (M ,g) will be written with "tildes" over them. We use the inner product notation ⟨ , ⟩ for the metricg ofM as well as for the induced metrics on the submanifold M and its normal bundle. 
The Gauss and Weingarten formulas are given respectively by∇
for all X, Y, Z, W ∈ T M , whereR and R are the curvature tensors ofM and M respectively.
For any orthonormal basis {e 1 , . . . , e n } of the tangent space T p M , the mean curvature vector H (p) is given by
where n = dim(M ). The submanifold M is totally geodesic inM if σ = 0, and
Now, let {e 1 , . . . , e n } be an orthonormal basis of the tangent space T p M and e r belongs to an orthonormal basis {e n+1 , . . . , e m } of the normal space
andK (e i ∧ e j ) denote the sectional curvature of the plane section spanned by e i and e j at p in the submanifold M and in the ambient manifoldM respectively. In view of the equation (2.3) of Gauss, we have
denotes the scalar curvature of the n-plane section T p M in the ambient manifoldM .
We shall need the following Lemma. 
Now, we obtain a basic inequality involving the Laplacian of the warping function and the squared mean curvature of a warped product submanifold of a Riemannian manifold.
Theorem 2.2. Let x be an isometric immersion of an
where 
so that the equation (2.6) can be written as 
then with respect to the above orthonormal frame the equation (2.9) becomes (2.10)
Applying Lemma 2.1 to (2.10), we get 2a 1 a 2 ≥ b, with equality holding if and only if a 1 + a 2 = a 3 . Equivalently, we get ∑
with equality holding if and only if (2.13)
ss .
From equation (1.5) we get
which in view of (2.3) gives
In view of (2.12), (2.14) and (2.8) we get
which implies the inequality (2.7).
The equality sign of (2.15) is true if and only if
and (2.17)
Obviously (2.16) is true if and only if the warped product M 1 × f M 2 is mixed totally geodesic. From the equations (2.13) and (2.17) it follows that
The converse statement is straightforward.
(κ, µ)-manifolds
A (2m + 1)-dimensional differentiable manifoldM is called an almost contact metric manifold if there is an almost contact metric structure (φ, ξ, η, g) consisting of a (1, 1) tensor field φ, a vector field ξ, a 1-form η and a compatible Riemannian metric g satisfying
for all X, Y ∈ TM , where ⟨ , ⟩ is the inner product as in previous section. An almost contact metric structure becomes a contact metric struc-
A contact metric structure is a Sasakian structure if and only if the Riemann curvature tensorR satisfies
In a contact metric manifoldM , the (1, 1)-tensor field h defined by 2h = L ξ φ, which is the Lie derivative of φ in the characteristic direction ξ, is symmetric and satisfies There are many motivations for studying (κ, µ)-manifolds: the first is that, in the non-Sasakian case the condition (3.6) determines the curvature completely; moreover, while the values of κ and µ change, the form of (3.6) is invariant under D-homothetic deformations ( [3] ); finally, there is a complete classification of these manifolds, given in [5] by Boeckx, who proved also that any non-Sasakian (κ, µ)-manifold is locally homogeneous and strongly locally φ-symmetric ( [4] , [6] ). There are also non-trivial examples of (κ, µ)-manifolds, the most important being the unit tangent sphere bundle T 1M of a Riemannian manifoldM of constant sectional curvature with the usual contact metric structure. In particular, if M has constant curvature c, then κ = c(2 − c) and µ = −2c. Characteristic examples of non-Sasakian (κ, µ)-manifolds are the tangent sphere bundles of Riemannian manifolds of constant sectional curvature not equal to one and certain Lie groups [5] . For more details we refer to [2] , [3] and [17] .
Like complex space forms in Hermitian geometry, in contact geometry we have the notion of manifolds with constant φ-sectional curvature. In an almost contact metric manifold, for a unit vector X orthogonal to ξ, the sectional curvatureK(X ∧ φX) is called a φ-sectional curvature. In [17] , Koufogiorgos showed that in a (κ, µ)-manifold (M , φ, ξ, η, g ) of dimension > 3 if the φ-sectional curvature at a point p is independent of the φ-section at p, then it is constant. If the (κ, µ)-manifoldM has constant φ-sectional curvature c then it is called a (κ, µ)-space form and is denoted byM (c). The Riemann curvature tensorR ofM (c) is given explicitly in its (0, 4)-form by [17] 
for all X, Y, Z, W ∈ TM . In particular, if κ = 1 then a (κ, µ)-space form M (c) reduces to a Sasakian space formM (c) and (3.7) reduces tõ
For a non-Sasakian (κ, µ)-manifoldM , its Riemann curvature tensorR is given explicitly in its (0, 4)-form by ([4] , [5] )
for all vector fields X, Y, Z, W onM .
In [23] , Tanno asked whether there exists a non-Sasakian contact metric manifold of constant φ-sectional curvature. In [17] , Koufogiorgos answered this problem in affirmative. A 3-dimensional non-Sasakian (κ, µ)-manifold has a constant φ-sectional curvature, but for higher dimension this is not in general true. In fact, he proved that a non-Sasakian (κ, µ)-manifold is of constant φ-sectional curvature c = − κ − µ if and only if µ = κ + 1. In particular, he derived that the tangent sphere bundle of a manifold of constant curvature c ̸ = 1 has constant φ-sectional curvature c 2 = 9 ± 4 √ 5 if and only if c = 2 ± √ 5. For more details we refer to [2] , [3] and [17] .
Remark 3.1. In [17] , Koufogiorgos also presented a method to construct non-Sasakian (κ, µ)-manifolds of constant φ-sectional curvature. However, we remark that if a non-Sasakian (κ, µ)-manifold is of constant φ-sectional curvature c, then c cannot be arbitrary. In fact, in view of µ = κ + 1, c = − κ − µ and κ < 1, it follows that c ∈ (−3, ∞). Now, it would be interesting to find a non-Sasakian (κ, µ)-manifold of constant φ-sectional curvature c for every c ∈ (−3, ∞).
C-totally real warped product submanifolds
A submanifold M in a contact manifold is called a C-totally real submanifold [24] if every tangent vector of M belongs to the contact distribution. Thus, a submanifold M in a contact metric manifold is a C-totally real submanifold if ξ is normal to M . A submanifold M in an almost contact metric manifold is called anti-invariant [25] if φ (T M ) ⊂ T ⊥ M . If a submanifold M in a contact metric manifold is normal to the structure vector field ξ, then it is anti-invariant. Thus C-totally real submanifolds in a contact metric manifold are anti-invariant, as they are normal to ξ. For a C-totally real submanifold in a contact metric manifold we have
where (φh) T X is the tangential part of φhX for all X ∈ T M . Now, we obtain a basic inequality involving the Laplacian of the warping function and the squared mean curvature of a C-totally real warped product submanifold of a (κ, µ)-space form.
Theorem 4.2. Let x be a C-totally real immersion of an
where Proof. Let M 1 × f M 2 be a C-totally real warped product submanifold in a (κ, µ)-space formM (c) of constant φ-sectional curvature c. We choose a local orthonormal frame {e 1 , . . . , e n , e n+1 , . . . , e 2m+1 } such that e 1 , . . . , e n 1  are tangent to M 1 , e n 1 +1 , . . . , e n are tangent to M 2 . Then from (3.7) and (4.1) we havẽ
where h T X is the tangential part of hX for X ∈ T M .
For a k-plane section Π k , from (4.3) it follows that
Consequently, we havẽ
where i = 1, 2. Using (4.5) and (4.6) in (2.7) we get (4.2).
Putting h = 0 in (4.2), we have the following 
, Next, we establish a sharp relationship between the warped function f of a C-totally real warped product submanifold M 1 × f M 2 isometrically immersed in a non-Sasakian (κ, µ)-manifoldM and the squared mean curvature ∥H∥ 2 in the following
For a k-plane section Π k , from (4.9) we obtaiñ
where i = 1, 2. Putting values from (4.11) and (4.12) in (2.7) we obtain (4.8).
As applications, we derive certain obstructions to the existence of minimal C-totally real warped product submanifolds in (κ, µ)-space forms, nonSasakian (κ, µ)-manifolds and Sasakian space forms. and H 1 = H 2 = 0. Then a well-known result of Nölker [21] implies that the immersion is a warped product immersion. Similar to the above Corollary, we have Corollary 4.6. Let M 1 × f M 2 be a warped product manifold, whose warping function f is harmonic. Then:
is a warped product immersion.
Using h = 0 in Corollary 4.5, we immediately get the following We also have the following In the following we present an example of a warped product C-totally real submanifold of a non-Sasakian (κ, µ)-manifold which satisfies the equality case of (4.8). ) × cos t S → T 1M defined by x (t, p) = (sin t) N +(cos t) p , where N is a unit vector orthogonal to the linear subspace containing T 1 M , is a C-totally real isometric immersion and satisfies the equality case of (4.8).
